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Mean-Square Response of an Infinite Bernoulli-Euler Beam
to Nonstationary Random Excitation

M. K. Maceyko*
Structural Dynamics Research Corporation, San Diego, California
and
R. D. McGhiet
San Diego State University, San Diego, California

This paper presents expressions for the mean-square response of an infinite length Bernoulli-Euler beam, in-
cluding linear viscous damping and a Winkler foundation, subjected to weakly nonstationary random excita-
tions. The method used is the time domain approach, incorporating impulse response functions and the convolu-
tion integral. Results are compared to published solutions for the mean-square response of a finite simply sup-
ported beam analyzed using the modal approach. The comparison indicates that the infinite length beam
response rise and decay, and time to reach maximum, differs significantly from that of the finite length beam.

Nomenclature K =beam length parameter, Eq. (25)
E[ ] —ex . )N = parameter, A=vw? - {2
pectation operator Y . .
El = beam flexural rigidity ¢ =dummy spatlz}l integration v:anable
G(x,t) =weakly stationary Gaussian random loading T =dummy time integration variable
function ) =beam parameter, w=vk/m
I, =modified Bessel function of the first kind .
of order n Introduction
J, = Bessel function:of the first kind of order n HE solution to a vibration problem which includes some
K(\ ) =infinite series function, Eq. (15) form of random excitation involves specifying the struc-
L =length of finite beam tural response of the system in a statistical fashion. A typical
R;e = autocorrelation function associated with G approach is to determine the mean-square response of the
R, =autocorrelation function associated with w system. Knowledge of the mean-square response of the system
Sy =magnitude of uniform ideal white noise spectral may then be used in one of several failure mechanisms to
density determine the life of the system, e.g., fatigue failure due to ex-
a =beam parameter, a =V EI/m ceedance of a given level by the displacement response.
a, =infinite series coefficient, Eq. (16) Theoretical techniques exist for calculating the mean-square
b, =infinite series coefficient, Eq. (18) response of linear structural systems subjected to either sta-
d =viscous damping coefficient tionary or nonstationary random excitation. Where possible,
e =constant, e=2.718... the assumption of stationary random excitation is made to
g(x,t) =deterministic loading function simplify the analysis. In some situations, such as flapping
h(x,t) =Dbeam impulse response function vibration of helicopter blades,! the excitation is nonsta-
i =v-1 tionary, however, analytical simplification is possible by
k = elastic (Winkler) foundation parameter assuming that the excitation can be mathematically
m =beam mass per unit length represented as the product of a deterministic function and a
q(x,t) =transverse loading per unit length defined stationary random process.
t =time Several studies have been published which examine the
u =dummy spatial integration variable mean-square response of simple mechanical systems to
u(t) =unit step function nonstationary random excitation.?> In the papers of Buc-
w(x,t) =beam transverse deflection ciarelli and Kuo? and Barnoski and Maurer,? the response of a
x =beam spatial variable, x=0 at center of beam single-degree-of-freedom system is studied, while Ahmadi and
r = the Gamma function Satter* and Bogdanoff and Goldberg’ examine a finite length
Q, =damped modal frequency, Eq. (24) Bernoulli-Euler beam using normal mode solutions for the
I51 = parameter associated with exponential decay, beam response. It is the intent of this paper to present expres-
Eq. 27) sions for the mean-square response of an infinite length
6 =the Dirac delta function Bernoulli-Eulér beam, including linear viscous damping and a
¢ =damping parameter, {=d/2m Winkler foundation, subjected to weakly nonstationary ran-
dom excitations. The method used is the time domain ap-
proach, incorporating impulse response functions and the
convolution integral.
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The transverse vibration of an infinite Bernoulli-Euler beam
is described by the solution of the partial differential equation
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on —oo<x<o, >0, and subject to suitable boundary
conditions.

Equation (1) is to be solved for w(x,t) when subjected to
a loading function g (x,t) which is weakly nonstationary and
assumed to be expressible as the product of a deterministic
function g(x,¢) and a weakly stationary Gaussian random
loading function G(x,t) so that

q(xt)=g(x,1)G(x,t) )]

By making use of the convolution integral, the solution to
Eq. (1) subjected to the loading represented by Eq. (2) can
be written as

wen={ | s@neEnre—ti-nadar @

where h(x,t) represents the beam impulse response function.
This function has been derived by the authors® by extending
the work of Stadler and Shreeves.” A summary is presented
in Appendix A. The expression for A(x,t) representing the
beam response to a unit impulse applied at the center of
beam (x=0) at time 1=0 is as follows [Eq. (A3)]:

—{t t 2
h(x,t) =e—go T, OWE —ud) % cos (x——i) du (4)

mv4ra 4au 4

Mean-Square Response

The response correlation for the displacement w(x,#) can
be written as

Etwoatwoal = {17 |7 s

X g (&2, (X — &1t — TR (X, — &2, — T2)

XE{G(§,,7)G (£;,7,)]1dE dE,dE dT, ()

where E{ ] represents the expectation operator. It is assumed
that G(x,t), being a stationary random function with zero
mean, has an autocorrection function R that can be ex-
pressed as

E[G(&,,71)G(£2,12)] =Rgg (&1 — 21— 72) (6)

By setting x; =x,=x and ¢, =¢,=¢ in Eq. (5), and denoting
the resulting response correlation or mean-square response as
R,,, a mean-square response function is obtained and is as
follows:

Rt = {17 17 ettimgamnit,i—n)

Xh(x—§5,t —7)Rg6 (&, — £2,7 — 7p)d§ dE,dr d7,y @)

where h(x,t) is given by Eq. (4). This expression represents
the mean-square response at any point along the beam and
at any instant of time. It is, however, intractable. By restric-
ting the applicability, solutions can be obtained.

Two special cases are studied and results are compared
with published results for a finite length beam. The first case
is concerned with the response to shaped white noise
multiplied by a deterministic unit step function, and the se-
cond case is a study of the response to shaped white noise
modulated with an exponentially decaying deterministic
function.
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Response to Shaped White Noise with Unit Step

In this case the autocorrelation function R is idealized
as shaped white noise and has the form

R (1 —5)=218,6(¢; — 1) ®

where S, represents the uniform ideal white noise spectral
density, and & is the Dirac delta function. The deterministic
function g(x,¢) is taken as a unit step function applied at the
center of the beam (x=0) at time =0 and can be expressed
as

g(x1)=6(x)u(t) &)

where u(t) represents the unit step function.

On substitution of Eqgs. (8) and (9) into the expression for
the mean-square response, Eq. (7), and making use of the
properties of the Dirac delta function, Eq. (7) reduces to

t
R, (x,1) =27rS0S0 R¥(x,t —7)d7 (10)

which represents the mean-square response of the beam sub-
jected to shaped white noise with unit step function applied
at x=0 at time ¢=0.

By restricting the study to that of the response at the
center of the beam (x=0), the expression for A(x,?), Eq. (4),
becomes

- e_ft ! N 2 !
h(o,t) _WS—;I-_ESO JO()\ e —u )W du (11)

and can be integrated to give explicit expressions, which are
derived in Appendix A for different values of damping.

For the special case of damping d=2Vkm (critical damp-
ing), then A=0, A(0,7) is given by Eq. (A16), and the mean-
square response, Eq. (10), becomes

R (0,0 =30 (1= (14200)) (12)

§-2

For the special case of both damping and foundation ab-
sent (d=k=0), then A=0 and {=0 and 4(0,?) is given by
Eq. (A23), and the mean-square response, Eq. (10), becomes

St

R, (0,0) = 3 13)

2am

For the case of general damping with elastic foundation,
h(0,t) can be expressed by an infinite series expansion [see
Appendix, Eq. (A24)] by using the series form of the
Bessel functions to obtain the expression

—

h(0,t) = K(\1) 14

Then K(A,¢) has the form

2 4
(\) N (A1)

K(\t)=1-
1 5 90

— o+ (=D"a, (M) + ... (15)

and a,, is given in terms of the Gamma function I' as

T'(5/4)

g, =— —1,23,... 1
2T (nt5/4) (16)
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Fig. 1 Plot of the series expression in n 0,0, Eq. A7), vs time.
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Fig. 2 Mean-square response at beam center due to shaped white
noise with unit step applied at the center.

On making use of the series expression for h(0,7), Eq. (14),
the integrand in Eq. (10) can then be expressed in series form
as

re=2t [ - ]
20,y =——| 1+ — 1)"h N2 g2n 17
- El( )b, an

where the coefficients b, have been calculated in terms of a,
and are given by the following expressions:

b, =2a, =0.4000 (18a)

b, =2a,+a,a,=0.0622 (18b)

by =2a;+2a,a, =0.0050 (18¢)
b,=2a,+2a,a;+a,a, =0.0002 (18d)

b,=2a,+2a,a,_+2a,a, ,+...+a,,0,,, neven
=2a,+2a,a,_,+2a,a,_4+...+2a,_;a;, nodd (18¢)

For \ real, #2(0,t) given by Eq. (17) is an alternating series,
and for A complex, it is a sum of positive terms, both series
being convergent for all values of time. Representative
curves for the two series have been numerically evaluated
and are shown in Fig. 1. For A real (w=V2, £=1) the series is
negative for all times, converging to zero for large values of
time. For A complex (w=0, {=1) the series peaks at time
t=2.4 s and then slowly decreases, taking a value of 0.0265
for time =350 s,
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On substitution of Eq. (17) into Eq. (10), the mean-square
response expression may be written as

— SO ! —2(1[ - n 2n Zn]
Ry (0,0) =2 SO re=%7 |1+ ng(—l) b7 |dr  (19)

Equation (19) can then be manipulated to take the following
form:

S
wa(O,t)=T§_2;7[1—e‘2§’(1+2§'t)]
ML i(—l)"b xZ"StTZ"He*erdT (20)
am? nel . 0

It is noted that the infinite series term on the right-hand side
of Eq. (20) contains all the effects of the elastic foundation.
It is also noted that the integral in this term is a form of the
incomplete Gamma function,® and on letting ¢ approach in-
finity, the integral may be expressed in terms of the Gamma
function,?® i.e.,

SO M+ le=2rdr =T (20 +2)/Q2)*+2, >0
so that for large values of time ¢, Eq. (20) may be written as

R, (0,00) = 1+ Y, (—1)"b,,I’(2n+2)()\/2§')2”]
n=1

Sy [
4§‘2(1m2 (21)

For small values of time, the series expression in Eq. (20)
may be approximated by the first term, and then the mean-
square response becomes

R, (0,1) =7‘E;s—aor-n—2[l —e (1421 (1 —6b1)\2/4§2)
So bl)‘z —28 (372 3
+ an® Q0 e (312 +2¢8%) (22)

All of the above expressions for the mean-square response
are transformed to functions of the elastic foundation
parameter o and the damping parameter { by multiplying by
the quantity am?/S;. A numerical study using representative
values of ¢ and « is then carried out. Curves for
am®R,,, (0,t)/S, versus time have been calculated for all of
the above cases and are shown in Fig. 2. For {=w=0, A=0,
am®R,,,(0,t)/S, is unbounded. For {=1, w=0, A=}, the
curve grows rapidly and appears to be bounded for large
values of time. The one term approximation for this curve,
Eq. (22), follows closely up to times of 1% s and then
diverges rapidly, showing an error of approximately 11% at
time t=2 s. For {=w=1, A=0, the curve approaches a
steady state value of “4{? at approximately 3 s. When X is
real (¢{=1, @=V2, A=1), the shape of the curve closely
parallels that of the preceding curve, reaching a steady state
of value of approximately 0.16 and 2V s. The one term ap-
proximation, Eq. (22), to this curve follows closely up to
time =1 s and then begins to diverge, showing a lesser
value, and at =2 s, there is an error of approximately 7%.

Equation (20), the series expression for the mean-square
response, will now be compared with those obtained for a
finite length beam.

The Finite-Length Beam

Using a modal approach, Ahmadi and Satter* found an
approximation to the mean-square response of a simply sup-
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Fig. 3 Comparison of mean-square response at beam center, in-
finite beam and finite length beam, due to shaped white noise with
unit step.

ported, finite length beam due to shaped white noise with a
unit step function [their Eq. (24)] to be of the form

2wS, =
f)y=—5——(1-e % 2 2
Ry (00 =g (1 e ),,;,3,5 Ve @

where L represents the length of the beam, and the damped
frequency expression {,, is given by

QR =a(nw/L)* -2 (24

Equation (23) represents the response of the beam at its
center, and no foundation is included. Two restrictions are
imposed on the solution obtained by Ahmadi and Satter.
First, light damping is assumed such that the expression for
the damped frequency , remains real (in their numerical
results, light damping is taken to mean ¢=1 such that
d=2m). Second, the mean-square response obtained is only
approximate as they neglect all cross-coupled modal terms;
i.e., only those terms containing products of the damped fre-
quency 2,Q, where p=n are included in their solution.

It is pointed out by Ahmadi and Satter, on examining Eq.
(24), that to keep the 1/Q2 terms positive and finite, the
beam length must satisfy the inequality L<wVva/¢{. If we let
the beam length L take the form

L=«Ja/t (25)
where « is a beam length parameter, and use this expression

in Eq. (23), we obtain the following equation expressing the
mean-square response in terms of the beam parameter «:

27Sy(1—e %) & k2
2am? e (nm)* —«k*

R, (0,8) = (26)

This equation will now be compared to that of the infinite
beam, Eq. (20), for the case of no elastic foundation (w=0)
and damping parameter {=1.

Comparison—White Noise with Unit Step

Two characteristics of the beam response represented by
Egs. (20) and (26) can be obtained through a comparison.
The first is the mean-square response buildup with respect to
time, represented by the shape of the response vs time curve.
The second characteristic is the maximum response of the
beam and the time to reach the maximum.

To facilitate the comparison, Eqgs. (20) and (26) are
multiplied by am?/S,, and the resulting expressions are
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evaluated for damping parameter {=1. The beam length
parameter k in Eq. (26) is varied, and Eq. (26) is evaluated
for each value of . The resulting curves showing
am?R,,,,(0,t)/S, vs time are presented in Fig. 3. These
curves indicate that the Ahmadi and Satter solution gives a
faster rise time for the mean-square response than does the
infinite beam solution. This is true for all beam lengths.

The maximum response is a function of beam length as
well as time. Using the response of the inifinite beam as the
upper limit for the finite beam response, a plot of « vs max-
imum response is made and is included as an insert in Fig. 3.
This curve indicates that the maximum response of the finite
beam is extremely sensitive to beam length for «>2.

Response to Shaped White Noise
with Exponential Decay

In this case the random loading correlation function R
is idealized as shaped white noise, as in Eq. (8). The deter-
ministic function g(x,¢) is taken as an exponentially decay-
ing function applied at the center of the beam (x=0) and has
the form

g(x,1)=8(x)e ", (27)

where 8 is limited to small values so that g(x,¢) varies
slowly.

On substitution of Egs. (8) and (27) into the expression for
the mean-square response, Eq. (7), and then making use of
the properties of the Dirac delta function, the mean-square
response reduces to

t
R, (x,t) =278, SO e 2 h2(x,t—7)dr (28)

Again, by restricting the study to that of the response of
the center of the beam, (x=0), the expression for 4(0,?) is
given by Eq. (11), which has explicit integrated forms derived
in the Appendix and also has an infinite series form given
by Eq. (14). The expression for A2(0,¢) in series form is given
by Eq. (17).

For the special case of damping where d=2vkm (critical
damping), then A=0, and on using Eq. (A16) in Eq. (28)
(with x=0), the mean-square response becomes

So
R (O0) = s am

{em P —e 2 [1+2(¢—-B)t]} (29)
For the special case of both damping and foundation ab-
sent, d=k=0, then w={=0 and

'SO —28t
R 0,t)=—— +28t—1
ww( »t) 452 am? (e t ) (30)

62

For the case of general damping with elastic foundation,
the expression for R, can be written, on making use of Eq.
(17), in the following series form:

—-28t pt o
R (0. =22 J recer [” )y (—1)"b,,>\2"72”]d7

am* Jo
(31

n=1
Equation (31) can be manipulated to the form:

R, (0,t) = {em 2 —e X [1+2(~B)t])

0
A —B)2am?

S, = ‘
+ a,,:z =28t E (- 1)"b,,)\2" SO Fn+1o(28-2074, (32)

n=1
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Fig. 4 Mean-square response at beam center due to shaped white
noise with exponential decay applied at the center.

For time ¢ approaching infinity, the mean-square response
approaches zero for all A.

For small values of time, the series expression in Eq. (32)
may be approximated by the first term and then the mean-
square response becomes

— So [ 28t _ p—2 - ]
RWW(O’t)_4(§—5)2am2 {e e B [1+2(5—B)1]

6b, )\ 20-%1 32 -
X(I—W>+bl)\ e ([31‘ +2(§‘ 6)t3]} (33)

It is noted that this equation reduces to Eq. (22) for 8=0.
A numerical study of Egs. (29), (30), (32), and (33) is
made by first multiplying the equations by am?/S, and then
selecting respresentative values of foundation parameter w,
damping parameter {, and decay parameter 8. The results of
this study are presented as curves in Fig. 4, where
am?R,,,,(0,¢)/S, values are plotted against time.

The curve representing Eq. (30) (no elastic foundation and
no damping, w=¢=0, $=0.1) is unbounded as time in-
creases. The curve representing critical damping, Eq. (29)
(w=¢=1, $=0.1), increases to a maximum at time =2 s
and then gradually decreases as time increases. Two curves
representing general damping and foundation, Eq. (32), are
shown; one for A real (w=V2, {=1, 3=0.1), and one for \
complex (w=0, {=1, 8=0.1). Both curves increase with time
to a maximum and then gradually decrease; however, the
curve for A complex is much slower in reaching its maximum
than is the curve for A real.

Two curves respresenting the one term approximation to
general damping and foundation, Eq. (33), are also shown;
one for A real (w=V2, {=1, $=0.1), and one for A complex
(w=0, =1, 3=0.1). These one term approximations agree
very closely to the full expression curves for time ¢ up to 1%2
s, and then they begin to decrease more rapidly than do the
full expression curves, being approximately 17% in error at
time =2 s.

Equation (32), the full expression equation, will now be
compared to that of a finite beam.

The Finite Length Beam

Ahmadi and Satter* also solved for this form of nonsta-
tionary random input (white noise with exponential decay)
using, as in the previously discussed example, a simply sup-
ported finite length beam. The same restrictions of light
damping and neglect of cross-coupling terms in damped fre-
quency apply. Their solution [see Ref. 4, Eq. (26)] for load
application and beam response at the center of the beam, is
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Fig. 5 Comparison of mean-square response at beam center, in-
finite beam and finite length beam, due to shaped white noise with
exponential decay.

as follows:

2wS, , -
MO0 (e ety /2 (34
PEL2G—B) Py 69

If, as was done previously, the beam length L is parameter-
ized as L=«Va/{, Eq. (34) can be cast into the following
form:

27S, S 2
20 (-2 _g-21) p: ____’f__4(35)

RWW(OJ):m n=1,3,5 (nm)* -«

This equation will now be compared to that of an infinite
beam [Eq. (32)] for the case of no elastic foundation
(w=0), a damping parameter {=1, and a decay parameter
8=0.1.

Comparison—White Noise with Exponential Decay

Three characteristics of the mean-square response
represented by Egs. (32) and (35) can be obtained by a com-
parison, i.e., rate of response buildup and decay, time to
reach maximum response, and beam length associated with
maximum response.

To facilitate the comparison, Eqs. (32) and (35) are first
multiplied by am?/S, to put them in a form dependent only
on foundation parameter w, damping parameter {, and decay
parameter (3. The resulting expressions are then evaluated for
foundation parameter w=0, damping parameter {=1, and
decay parameter 8§=0.1. The beam length parameter « in Eq.
(35) is varied and the equation is evaluated for each value of
k. The resulting curves showing am?R,,,, (0,¢)/S, vs time are
presented in Fig. 5. These curves indicate that the Ahmadi
and Satter solution gives a faster rate of response buildup
and decay than does the authors’ solution.

A comparison of the time to reach the maximum response
indicates that it is much shorter for the finite length beam
than for the infinite beam. Time to reach maximum response
for the finite length beam may be found analytically from
Eq. (35) to be

1 §
Frax =———— I —— (36)
E2(5-8) B
which evaluates for this case to 7, =1.279 s. The time for
the infinite beam to reach its maximum mean-square
response is, f}'om Fig. 5, approximately 6 s. It is noted that
the one term’ approximation solution, Eq. (33), shown on
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Fig. 5§ for comparison more closely resembles the finite beam
approximation curves.

By matching the maximum response of the finite length
beam to the maximum response of the infinite length beam,
a beam length parameter « for this condition may be ob-
tained. This matching, done numerically, gives a beam
length parameter x=2.338 for a beam length L =2.338Va/1,
where again, a=vEI/m. It is noted that the maximum
response of the finite beam is extremely sensitive to beam
length for beams in this length range.

Conclusions

The mean-square response of a uniform inifinite length
Bernoulli-Euler beam has been determined for nonstationary
random disturbances. Conclusions drawn from the analysis
are:

1) Infinite beam response serves as an upper limit to finite
beam response.

2) Simple beam response equations allow for the inclusion
of unrestricted damping as well as an elastic foundation. The
one term approximation equations [Eqgs. (22) and (33)] are
valid for time ¢ equal to or less than 1 s, while for time
greater than 1 s, the full equations [Egs. (20) and (32)]
should be used.

Conclusions drawn from a comparison of the authors’

solution to that of Ahmadi and Satter are:

1) The response buildup for the infinite beam under
loading begins slower and peaks later than the modal
analysis solution done for the finite length beam for both the
unit step and exponential decay loading.

2) For the exponential decay loading, a. beam length of
L=2.338Va/t for w=0, ¢{=1, and §=0.1 gives the same
maximum amplitude as the infinite beam. The finite beam
maximum response is extremely sensitive to beam length for
beam length parameters x>2.

Appendix: Impulse Response Functions

Impulse response functions for the beam equation, Eq.
(1), can be obtained by adapting the work of Stadler and
Shreeves.” In their paper, Eq. (3.13) represents a general
solution to the beam equation. This equation, for beam ten-
sile force equal to zero and initial conditions w(x,0)=0 and
aw(x,0)/9t=0, is as follows:

t

1 oo
w(x,t) =—m—50 e ft=n S_w q(&,1)

X

{«/*417(75; JoIWE —u?] % cos (% ——I—) du} dedr
(A1)

Impulse response functions for the beam may be obtained
by setting the transverse loading g(x,¢) in Eq. (Al) equal to

q(x,t)=056(x)6(1) (A2)

where 6( ) represents the Dirac delta function, so that
g(x,t) given by Eq. (A2) represents a unit impulsive force
applied at the center of the beam (x=0) at time ¢=0; i.e.,
the impulse response function A (x,¢) is, on substituting Eqg.
(A2) in Eq. (Al) and integrating, given by

h(xt)——eLS’J()\\/tz-uz) ! cos(x2 ”)d
’ m~ara J0 " ° Vu dau 4 )

(A3)
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On noting that the argument of J; in Eq. (A3) depends on A,
and that \ is given as

N=vk/m— (d/2m)? (Ad)

and can be real, zero, or complex, the integrated form of
Eq. (A3) may be studied by relating A\ to different values of
the damping parameter d. By defining the critical damping
parameter d, as the value of d which makes A =0, then

d,=2\km (AS)

Four distinct cases may be studied: 1) d equal to zero (zero
damping); 2) d less than d. (subcritical damping); 3) d equal
to d, (critical damping); and 4) d greater than d, (super-
critical damping). These four cases assume that an elastic
foundation (k) may exist. A fifth case may be studied in
which both elastic foundation and damping are equal to
zero, i.e., 5) d equal to zero, k equal to zero.

On consideration of beam deflection only at the center of
the beam (x=0), Eq. (A3) reduces to

h(0,t) = ; JoOW £ —u?) Lu du (A6)

1
i @

Integrated forms for this impulse response function can be
obtained and are as follows.

Case 1: Zero Damping

For this case d=0 and A is real and equal to w. Equation
(A6) then reduces to
h(0,¢) =

L (' ovEmm L

A change of the variable of integration to u=¢ cosf, and ap-
plication of Sonine’s first integral® to the result leads to the
following expression for the impulse response:

— Y% A
R 0.0) = Vi [2 I'(%)

e L (a)” ]J‘/‘ e A8

This equation is the same as presented by Stadler and
Shreeves’ in their Eq. (5.4).

On making use of the series expansion for J,[ 1 (see,
e.g., Ref. 8, pp. 87-90), Eq. (A8) becomes

3
h(O,t) =m[l_al(wt)2+az(wt)4—
+(=D"a, () +...] (A9)

where n=1,2,3,..., and a, is given by

B T(5/4) (AL0)
U =3 IT (n + 5/4)
Case 2: Subcritical Damping

For this case d<d_ and A is real and given by the follow-
ing expression:

A=vVaw? - ‘ (Al11)

Equation (A6) then reduces to

-t

h(0,t) =———=
(0.0 m~N8ra

‘ 1
Vi — —_
So JoOW 2 —u?) Ta du (A12)
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Following the technique used in the zero damping case to
evaluate the integral in the above equation, the impulse
response becomes

Vte= ¢t [2—%1“(1/2)

h(0,t) =
(.0 m~N8ra (A1) %

]J% [Af] (A13)

which can be recast on using the series expansion for J,, [ ]
to obtain

- m—{‘t 2 4
h(O’t)_—;;\/—z_;a_[l—al(M) +a2()\t) — e
+(~D"a, (M) +...] (Al4)

where the expression for @, is given by Eq. (A10).

Case 3: Critical Damping

For this case A=0, and on using the relation J,{0] =1,
Eq. (A6) reduces to

e ¥ ¢t 1

which can be integrated directly to yield the following ex-
pression for the impulse response:

h(0,t) =Vte='/mV2wa (A16)

Case 4: Supercritical Damping

For this case, d>d, and \ are complex and given by the
following expression:

N=i{Z—w? (A17)
where i=+ — 1. Drawing on case 2, subcritical damping, the

expression for the supercritical damping impulse response
can be written as

Vie=¢ [ 2-%T(V4)

h(0,t) =
0.0 mV8ra L (itNy —wh)”

]J.,, [INE-w?] (AlB)

and on using the identity (Ref. 8, p. 88),
i"J, (iz) =1, () (A19)

Eq. (A18) may be written as

h(0,f) =

Vie= ¥ [ 27 %1 (%)

m8ra L (V3 —w)* ]’%[’ml (A20)

where I,{ ] is the modified Bessel function of the first kind
of order n.

On expanding /,,[ ] in series form (see, e.g., Ref. 8§,
p. 88), Eq. (A20) can be written as

Vee
— 1 /2 _ 232
MO = e e e

+a, (N -+ .t a, (NP~ 0P+ (A21)

where the expression for a, is given by Eq. (A10). By using
the complex expression for A given by Eq. (A17), the series

AJAA JOURNAL

expression [Eq. (A21)], can be written as

Vie "
) = 1— 2 4
1O =1 =2, (M) +0, ()
(- Da, N+ (A22)

Case 5: Zero Damping, No Elastic Foundation

For this case k=0, d=0, and A=0, from Eq. (A9),
the expression for the impulse response is given as

h(0,t) =Vt/m\2za (A23)

Summary

In their series form, the five cases can be written in com-
pact form as

Vie ¥

h(0,t) =———F——
(0.0 mN2ra

K(\D (A24)

where the expression for K(\,¢) is given by

3

KOO =1+ Y, (= Da, (A (A25)

n=1

the expression for a, is given by Eq. (A10), and the values of
X\ for the five different case are summarized as follows:
Case 1. A=w, zero damping;

Case 2: A=+Vw? — {2, subcritial damping;
Case 3: A=0, critical damping;
Case 4: \=iN{* — w?, supercritical damping; and

Case 5: A\=w=0, zero damping, zero elastic foundation
constant.
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